We study both the CP-even and CP-odd effective chiral Lagrangians of next minimal composite Higgs model with symmetry breaking pattern depicted by the coset SO(6)/SO(5) through the sigma/omega decomposition, in which the Goldstone matrix of the coset is decomposed in terms of the standard model Higgs doublet and an additional scalar singlet s at the electroweak scale. The effective Lagrangian is described by the electroweak chiral Lagrangian up to p 4 order, with a function dependence on the Higgs boson and new scalar s, named Higgs function. This function in the effective Lagrangian incorporates the Higgs non-linearity or vacuum misalignment effects in the next minimal composite Higgs model, due to the Riemann curvature on the Nambu-Goldstone bosons scalar manifold, leads to various Higgs couplings deviated from the standard model ones, and also indicates the relations among different Higgs couplings in the low energy. Matching to the Higgs effective field theory below the electroweak scale, we obtain various low energy observables such as the electroweak oblique parameters, anomalous triple and quartic gauge couplings, anomalous couplings of Higgs to gauge bosons, in which the Higgs non-linearity effects are encoded in the ratio ξ ≡ v 2 /f 2 of the electroweak scale and the new physics scale.
The standard model (SM) of elementary particle physics provides a framework for all of the visible matters in nature among the three known fundamental interactions except the gravity [1] . The model is described by the gauge theory [2] [3] [4] 
Theoretically the electroweak (EW) sector of the SM still owns problems such as vacuum stability, too many free parameters and naturalness or hierarchy problem. Thus, it is commonly believed that the SM is not a UV complete theory at energy above trillion electron volt (TeV) scale, at where underlying dynamics is still unclear. To solve these problems suffered by the SM, many models beyond the SM are proposed, with different motivations emphasized. Among them, the composite Higgs model (CHM) provides a scenery [5] [6] [7] , that might be related to a strong dynamics in the high energy, solve the electroweak (EW) hierarchy problem. In the scenario, the Higgs-like particle arise as a pseudo Nambu-Goldstone Boson (NGB or GB) [8] of a global symmetry breaking at a higher energy scale f higher than EW scale v = 2m W /g, and is related with strong dynamical scale Λ s ≃ 4πf for an unbroken symmetry as the subgroup of the global symmetry [9] .
There are many kinds of composite Higgs models in literature, for review, see Refs. [12, 14, 16] . We could classify different composite Higgs models based on the numbers and EW representations of GBs in the setup. The most economical and popular composite Higgs model is the SO(5)/SO(4) minimal composite Higgs model (MCHM) [10, 11, 13, 15, 16] . The symmetric coset SO(5)/SO(4) provides only four GBs: three GBs eaten by the longitudinal components of the W and Z bosons, and the Higgs boson as the pseudo-Nambu-GB. The next to minimal model is the SU (4)/Sp(4) ≃ SO(6)/SO(5) nextto-minimal composite Higgs model (NMCHM) [17] [18] [19] [20] , in which five GBs are presented: four SM Higgs components and additional singlet scalar. For a heavy singlet scalar GB, this model recovers to the MCHM. Thus the NM-CHM contains the MCHM as the limiting case. On the other hand, if this singlet scalar is not so heavy, it provides new low energy phenomenology, such as dark matter candidate [18, 20] , electroweak phase transition, etc.
Further classification of the CHMs could be justified using the custodial symmetry. The symmetry is invariant for the three gauge bosons in the fundamental representation of SO (3) or adjoint representation of SU (2) c [7] , guarantees that the ρ parameter, the ratio defined with both mass of gauge bosons and EW mixing angle as below,
at the tree level, although there could have small correction at the loop-level. This custodial protection mechanism in the SM, are valid both before and after electroweak symmetry breaking (EWSB), which entails a strong constraint for model buildings beyond the SM, namely, whatever underlying dynamics as a possible UV completion beyond TeV scale, its symmetry breaking pattern down to the EW scale, always entails ρ = 1 at the tree level. The electroweak precision tests indicate that we should consider CHMs with the custodial symmetry imposed. Both the MCHM and NMCHM contains the SO(3) group as the subgroup and thus the custodial symmetry is guaranteed. On the other hand, given the experimental results at the LHC, the lack of the evidence of new physics and the precision measurement of the Higgs property have already push the new physics scale up to the TeV scale, unless the new particles do not carry the electroweak charge. In CHMs, the composite particles related to the strong dynamics scale f are typically heavy [12, 14] . If the additional GBs rather than the pseudo Goldstone Higgs exist, they should not be lighter than the electroweak scale unless the GB is the electroweak singlet. Although there are many kinds of composite Higgs models with different symmetry breaking pattern depicted by the coset G/H [14] , after integrating out heavy composite states, and heavy GBs, what is left should at least be the SM contents: the matter fields, the SM gauge fields, and the Higgs boson as the pseudo GB. There could have additional pseudo GB being the electroweak singlet. Thus the effective Lagrangian description of the composite Higgs models should contain at least SO(5)/SO(4) symmetry [13] . In this work, we consider more general case in which additional light GB exist at the electroweak scale. The typical example is the SO(6)/SO (5) symmetry at the electroweak scale, containing one light scalar singlet GB. If the scalar singlet GB becomes heavy, it recovers to the SO(5)/SO(4) symmetry at the electroweak scale.
From the bottom-up perspective, the low energy effective field theory (EFT) approaches [23-25, 27, 29-36, 40, 43] with the general principle of quantum field theory, such as Lorentz invariance, unitary, causality etc, have provides a universal model independent description for new physics beyond the SM. There are usually two ways to describe the low energy effective field theory: the SM EFT in the symmetric phase [23] [24] [25] , and the EW chiral Lagrangian in the broken phase [29] [30] [31] . For the case that the Higgs boson as the pseudo-Nambu-GBs, the EW chiral Lagrangian is usually adopted due to the Higgs nonlinearity in the scalar manifold of the GB fields. In the EW chiral Lagrangian, the Higgs field is non-linearly realized, e.g., in the coset construction of Callan-Coleman-Wess-Zumino (CCWZ) approach [21, 22] . On the other hand, the standard model effective field theory (SMEFT) up to dimensional-6 operators cannot fully characterize high energy effective Lagrangian up to the p 4 order, since the operators at this order can also obtain contributions from dimensional-8 operators of SMEFT. Moreover, in the EW chiral Lagrangian, the global SO(4) Higgs singlet h supplies as a natural embedding of the custodial symmetry SU (2) C ∼ SO(3) ⊂ SO(4) after the EW symmetry is spontaneously broken
where h = (h 1 , h 2 , h 3 , h 4 ), and ϕ = (ϕ 1 , ϕ 2 , ϕ 3 ) consists of the three would-be GBs for the EW symmetry. In the CHM scenery, again we will specifically focus on those with the G/SO(4) symmetry breaking pattern. We will take the custodial symmetric CHM as an example to study the nonlinearity of Higgs as well as its possible mixing with a light scalar.
In this work, we take the SU (4)/Sp(4) ≃ SO(6)/SO(5) next-minimal composite Higgs model (NMCHM) [17] [18] [19] [20] , as an extension of MCHM.In the NMCHM, after the explicit breaking of the global symmetry f , the gauge symmetry and the Yukawa terms induce the radiative potential for the SM Higgs, which acquires dynamically a non-vanishing vacuum expectation value (vev) 
where φ denote the quantum fluctuation field around the vacuum with expectation value v φ and v ψ denoted as the vacuum phase of an extra singlet s relative to the Higgs h. In the f ≫ v limit, the nonlinear NMCHM should recover the SM limit, in which the EWSB is linearly realized and the Lagrangian is written in terms of the SM Higgs as an SU (2) L doublet. We connect the low energy EW chiral Lagrangian to the UV CHM valid up to an energy scale Λ s ∼ 4πf . In the CHMs, according to the CCWZ formalism, the kinetic term of the Higgs boson should origin from [41] [42] [43] [44] L 2 = f 2 Trd µ d µ ⊃ g ab (h)∂ µ π a ∂ µ π a , (I. 4) where the metric g ab (h) parametrize the curvature in the scalar manifold. Given the non-flat metric, the degree of non-linearity of the theory can be quantified by the nonlinear parameter ξ ≡ v 2 f 2 , (I. 5) which recovers the flat metric if f → ∞.
On the other hand, the Wilson coefficients of the effective operators in the EW chiral Lagrangian can be described by the Higgs functions (or radial functions) F H [38, 40, 43] , as
where L H is defined in Eq.(C.9), . . . denote the higher order terms, e.g., at the p 4 order, include the CP-even L C,T or CP-odd L T defined in Eqs.(C.10) and (C. 14) in Appendix. C. The Higgs functions encode all the information of the Higgs nonlinearity due to the non-flat metric of pseudo-Nambu-GBs manifold of the CHM. The Higgs functions provide the connection between the low energy EW EFT and the chiral Lagrangian for the CHM. The effective Lagrangian of the model are matching with the EW chiral effective Lagrangian up to the p 4 order. We extract the Higgs functions of the model from the low energy EW chiral Lagrangian, which contains information of not only the Higgs itself, but also that of an additional light scalar s. In a series expansion of h/v in the Higgs effective field theory (HEFT) with the parameter ξ fixed, we find the effective Wilson coefficients associated with the high energy effective chiral Lagrangian in the NMCHM. Observables such as the EW oblique parameters, anomalous triple and quartic gauge couplings, anomalous couplings of Higgs to gauge bosons are obtained.
The structure of the paper is organized as below: In Sec.II, we study the building blocks for both Sigma and Omega representation in the NMCHM and discuss its symmetries. We also illuminate the significance of Higgs nonlinearity. In Sec.III, we study high-energy chiral effective Lagrangian of NMCHH up to the p 4 order. In Sec.IV, we match the chiral effective Lagrangian of the NMCHM with low energy effective EW chiral Lagrangian (EWCL), and extract the Higgs functions. In Sec.V, we study the Higgs function at EW scale. In Sec.VI, we study the connection of effective field theory to the corresponding physical observables. Conclusions are made in Sec.VII.
II. NEXT MINIMAL COMPOSITE HIGGS MODEL
In generic composite Higgs (CH) scenery, a global symmetry group G is spontaneously broken by some strong dynamics mechanism at the scale f down to a subgroup H. The coset G/H is assumed symmetric and entails that dim(G/H) ≥ 4, e.g. the minimal version in terms of minimal composite Higgs model (MCHM) [10] . Consequently, there are (at least) four GBs arise from the non-linear symmetry breaking mechanism of the global symmetry G, one is identified with the light Higgs-like scalar field h and three are identified with the longitudinal components of the SM gauge bosons. For the next minimal composite Higgs model (NMCHM) with the coset SO(6)/SO (5) , there is an additional new singlet GB s, comparing with those in the MCHM. Following CCWZ in Appendix. B, we can introduce the Goldstone field matrix Ω, which transform nonlinearly under the group G. For a symmetric coset, equivalently the Σ field could be introduced, transforming linearly under the group G.
A. Goldstone boson field matrix
The GBs of the coset SO(6)/SO (5) in the fundamental representation can be parameterized by 1
where Φ 0 is the vacuum expectation value in the fundamental representation of SO(6) as a 6-dimensional unit vector.
Omega parametrization
In the symmetric coset SO(6)/SO (5) , it is equivalent to use the Ω or Σ to describe the Goldstone degree of freedom 1 We have introduced Φ 0 to be dimensionless, so that the kinetic terms should be defined as 
whereĥ α ≡ (ĥ 1 ,ĥ 2 ,ĥ 3 ,ĥ 4 ) T and we haveĥâ ≡ hâ/φ. The Goldstone boson field matrix is expressed as
It is convenient to define the mixing angle φ at strong dynamics breaking scale f as
Thus, one can express the Goldstone matrix Ω as
Tĥ2 5
, (II.7)
andφ Tφ = Tr(ĥĥ T ) +ĥ 2 5 = 1. After the electroweak symmetry is broken, in the unitary gauge, i.e.,ĥ 1 =ĥ 2 =ĥ 3 = 0, it is convenient to define another angle as [19] 
where ψ = arctan (h 5 /h 4 ) is pseudo-scalar under CP symmetry due to the relative phase between the h 5 and h 4 . In the unitary gauge, the amplitude φ reduces to φ = h 2 4 + h 2 5 and the (h 4 , h 5 ) can be expressed in terms of φ and ψ as
Thus, the GB matrix Ω in Eq.(II.6) can be re-expressed as
In the original Cartesian (h 4 , h 5 ) basis, one has
For the latter convenience of relating the h 4,5 to the SM Higgs h, we introduce a new basis (h, s) as
where n = 1 for Ω parametrization and n = 2 for Σ parametrization, respectively. This implies that for Σ ≡ Ω n , one just makes the replace
so that the ratio s/h are unchanged. For the convenience of later usage, we summarize the fields coordinate transformation among (φ, ψ), (h 4 , h 5 ), (h, s) and list in Table. I.
B. Symmetries

Rotational symmetry
One may rotate the generators of unbroken SO(4) ⊂ SO(5) in Eqs.(A.13) as well as the coset generator SO(5)/SO(4) in Eq.(A.2) by an angle θ in the SO(5) inner space, 
,
where 1 ≡ 1 3×3 . The angle θ parameterizes the misalignment of SO(6) vacuum as we will discuss in the following section. It turns out that the generators rotated becomes
It can be check that all the generators are also normalized as 
From the generator with rotation angle θ, one can read the components of the external gauge fields are given by
where W a µ , B µ are the EW SU (2) L × U (1) Y vector bosons.
Automorphism symmetry
Since the quotient space SO(6)/SO(5) is symmetric, the symmetric coset has a automorphism or "grading" symmetry that acts upon the generators of G as defined in Eq.(B.5) or (II.34) both lead to the same representation as
It is a linear transformation among the generators that preserves the algebra. There is other automorphism given by [17] R 2 : 
where a = 1, 2, 3 andâ = 1, 2, 3, 4, 5.
When the SU (2) L × U (1) Y symmetry is turned on, the "grading" symmetry R is explicitly breaking, to the discrete one as θ = 0, π.
(II.37)
Since R is an element of the unbroken SO(4) symmetry, i.e, it is an internal automorphism of the algebra, it will ben an exact symmetry of the low energy Lagrangian up to any order in the absence of gauging the EW symmetry. It is also interesting that when θ = π/2, the automorphism corresponds to the Higgs parity as [48] 
which transforms the generators as
Tâ, −T4}, (II.39) implying that the operator P H flips the direction of T4 through
Left-right parity symmetry
There is also a left-right parity symmetry P LR in the NMCHM,
which exchanges the generators of SU (2) L and SU (2) R subgroup of SO(4), and also changes the sign of the first three broken generators Tâ as (II.42) with a = 1, 2, 3 andâ = 1, 2, 3, 5. For the broken generators, one should rewritten as P LR TâP −1 LR = −ηâTâ with ηâ = (1, 1, 1, −1) T . Since it is not element of SO(4), one would expect it broken at (p 4 ) order, although it is an accidental symmetry of GBs Lagrangian at (p 2 ). When the SM gauge symmetry SU (2) L × U (1) is turned on, P LR is explicitly broken for a generic value of θ.
CP symmetry
The CP symmetry is a symmetry of the sigma model of the Higgs sector in the SO(6)/SO(5) model [17] . The first automorphism symmetry R in Eq.(II.33) makes the vielbein V µ = (D µ Σ) Σ −1 change the sign, so the Wess-Zumino-Witten (WZW) term 
where B µν = ǫ µνρσ B ρσ /2 and n B,W,G are integers that measure the strengths of the gauge anomalies, which are fixed by the fermion content in the UV.
C. Vacuum misalignment
The electroweak symmetry should be broken at the electroweak scale. It has been shown that the electroweak symmetry breaking can be viewed a due to the misalignment angel θ with respect to the vacuum of SO (6) . Even assuming there is no misalignment at the tree level, a nonvanishing θ = h /f is generated at the loop level after the GBs obtain a vev h = v. There are two energy scales f and v, the EWSB can be described as a two-step process: at first, SO(6) is spontaneously breaking down to SO(5) at the scale f , giving rise to an SU (2) L doublet of GBs; secondly, the EW symmetry is spontaneously breaking from SO(4) down to SO(3) at the EW scale, which is defined as
leaving an approximate custodial symmetry, where in the last equality, we have used Eq.(II.68). Therefore, the vacuum misalignment parameter θ is related to the non-linear parameter as
(II.50)
Embedding of SO(4) symmetry
Here we study the correspondence between the SO(6)/SO(5) = S 5 PNGBs in the NMCHM and the SM Higgs. It it convenient to re-parametrize the first three components h a as the three massless SM GBs ϕ a with a = 1, 2, 3,ĥ
and define the mixing angle ϕ as
with absolute value |ϕ| = √ ϕ a ϕ a .
In the following, the first four elements of the GB scalar with SO(4) symmetry are embedded into a 6-dimensional fundamental scalar in SO (6) . We can rewritten the four components as a 4-vector times with a phase factor U as embedding of U in Eq.(A.36) into SO(6) as
where t a L = 2T a L with T a L are SO(6) embedding generators of custodial symmetry SU (2) L ≃ SO(3) ⊂ SO(4). One may define the GBs as π a ≡ vs ϕφ a , (II.54) so that the unitary matrix can be re-expressed in analogy to Eq.(A.49) as
In fact, this definition comes from the mass terms of the gauge boson W and Z:
where v 4 ≡ h 4 and v 5 ≡ h 5 are vevs of h 4 and h 5 , respectively.
which defines the coordinate change.
In terms of the phase factor U, the GBs matrix of NM-CHM can also be re-expressed
where |h| is the scalar singlet field and Ξ is the would-be GBs non-linear field given by [19] or Eq.(A.5) in Ref. [20] as
where for hα withα = 1, 2, 3, 4 and in the second equality, we have used Eq.(A.43). Thus, by using the definition of Eq.(II.9), one can parameterize the SO(6) fundamental scalar with SM higgs embedded as
It is convenient to re-express the fundamental scalar in the unitary gauge
where in the second equality, we change into (h, s) basis by using definitions in Eq.(II.15). This gives the square root non-linear parametrization of SO(6) in analogy to that of SO(4) in Eq.(A.48). In the absence of the singlet s, the fundamental representation of the scalar recovers that of MCHM in SO(5)/SO(4) as [10, 12] 
(II.62)
Embedding with rotation θ
The vacuum can be associated with a angle θ, as the rotation angle in a S 5 unit sphere. The vacuum in the fundamental representation in Eq.(II.1), i.e., a 5-dimensional unit vector Σ 0 , under the rotation R(θ) in Eq.(II.29), becomes
where 0 3×1 = (0, 0, 0) T , and the angle θ parameterize the misalignment of the vacuum with respect to the original vacuum.
The pseudo-Nambu goldstone bosons (PNGBs) in the fundamental representation of SO(6) in Eq.(II.60) becomes 
whereˆ h = (ĥ 1 ,ĥ 2 ,ĥ 3 ). In the GB-less limit, i.e., ϕ → 0 by redefiningĥ 1,2,3 = ϕ 1,2,3 /v,ĥ 4 = c ψ andĥ 5 = s ψ , one has
When θ = 0, the SM electroweak group is unbroken, and are embedded into the global SO(4) symmetry, and the 3 + 1 = 4 EW GBs forms a complex doublet of SU (2) L . When ψ = 0 with a small θ, then
(II.67)
When θ = 0, the SM vector bosons gauge the SO(6)/SO(5) broken generators Tâ. It triggers the spontaneous symmetry breaking so that three EW GBs are eaten to give mass to the W ± and Z, respectively, while a fourth one is identified as the Higgs boson. Therefore, the EWSB is due to the misalignment θ, which can be generated at the loop level as long as the GB 4-vector acquires a vev h = 0, so that
It can be checked that under the automorphism symmetry in Eq.(II.35), the vacuum is inverse to itself
Thus, given a generic θ, the action of R is linear on the SO(6)/SO (5) GBs at scale f , while is non-linear on the Higgs field h as well as the SU (2) L GBs at scale v. Thus, according to Eq.(II.67), the fundamental scalar in SO(6) becomes 
which leads to a re-parametrization betweenĥ a and (φ a ,ĥ 4 ) with a = 1, 2, 3 in SO(4). In above, we rewrite the linearly realized ϕ in terms of non-linearly realized π by using Eq.(II.54).
III. HIGH ENERGY EFFECTIVE CHIRAL LAGRANGIAN
A. Non-linear chiral Lagrangian for Sigma parametrization
To construct the nonlinear chiral Lagrangian, different building blocks in the last section are used. The building blocks for the Sigma parametrization in NMCHM are
where the corresponding gauge fields W µ and B µ are defined in Eq.(B.14). Q a L with a = 1, 2, 3 and Q Y are the
where we have identified SU (2) L charge operator as T a L and the hypercharge operator as T 3 R as defined in Eq.(A.13). When fermions are taken into account, the realistic hypercharge operator is defined as Y = T 3 R + X, where X is a new non-vanishing charge under an additional U (1) X , in order to reproduce the correct hypercharges of fermions.
CP-even sector
For the CP-even case, one has thirteen independent operators as up to O(p 4 ),
where the high energy effective chiral Lagrangian L high becomes
with the coefficients c i are expected to be all of the same order of magnitude as
where f is strong dynamics scale, that can be related to the EW scale through Eq.(I.5). V µ is defined in Eq.(B.32). The corresponding covariant derivative is defined in Eq.(III.6) as
For the SM, it becomes
The gauging of the SM symmetry represents an explicit breaking of global symmetry G. For SM, the explicit expression g A A µ = gW µ + g ′ B µ is given in Eq.(B.26). The gauging of the SM symmetry represents an explicit breaking of global symmetry SO(6).
CP-odd sector
For the CP-odd case, the EW high-energy chiral Lagrangian describing the bosonic interactions, up to the fourth derivatives, one has six independent operators as
where the leading o
) with c i as the coefficients corresponding to the operators as
where T is defined in Eq.(B.36). By substituting the explicit expressions of the building blocks for the Sigma parametrization in Eq.(III.1), into the CP-even or the CP-odd operators in the high-energy effective Lagrangian basis L high of Eqs.(III.3) or (III.8), respectively, one can produce the low energy effective chiral Lagrangian basis L low in Eqs.(C.11) or (C.14) for the NM-CHM with SO(6)/SO(5) symmetry breaking pattern, as functions of the SM gauge bosons, the SM would-be GBs and the CP-even scalar field h as well as the CP-odd scalar singlet s.
B. Non-linear chiral Lagrangian in the Omega parametrization
To construct the nonlinear chiral Lagrangian, different building blocks in the last section are utilized. The building blocks for Omega in NMCHM are d µ , e µν , f µν .
(III.11)
With the building blocks shown above, we can obtain all of the low energy effective Lagrangian up to p 4 order.
In CCWZ approach, according to Eq.(B.19), by projecting upon the broken generators of the Maurer-Cartan form, one obtains the elements of d µ and e µ fields, along broken and unbroken generators, respectively, as expressed more explicitly as
where Ω is defined in Eq.(II.6), Ω † = Ω −1 and ω µ ≡ −iΩ −1 ∂ µ Ω is defined as the Maurer-Cartan one form dω as introduced in Eq.(B.19) in the vector formalism as
, (III.13)
whereφφ T = 1 so thatφφ T = (φφ T ) 2 and we also used ∂ µ (φ Tφ ) = 0.
In the NMCHM, the broken generators Tâ are given in Eqs.(A.4) and (A.6), and can be expressed as
where 0 4 = diag(0, 0, 0, 0), 1â is a 4-vector with only nonvanishing component 1 along theâ-th direction. The factor in front is due to that we have used the fact of normalization of generators in Eq.(A.1).
With the explicit expression of Ω µ given in Eq.(III.13), one can read
By using the identities as below
d µ can be re-expressed as
The kinetic derivative ∂ µ above can be generalized to be the covariant derivative as that in Eq.(B.18)
For the SM, {W a µ , B µ } ∈ A a µ , we has
where the gauge couplings g, g ′ are absorbed into the W a µ and B µ , respectively. As stated before, the gauging of the SM symmetry represents explicit breaking of the global symmetry SO (6) . The explicit expression of the covariant derivatives terms as well as the Omega parametrization building blocks in EW sector of NMCHM are shown in Appendix. B 2 a.
p 2 order in Omega parametrization
At the p 2 order where at most two derivative, there is only one CP-even high energy effective Lagrangian as
(III.20)
p 4 order in Omega parametrization
At the p 4 order where at most four derivative, there is a complete basis for high-energy effective Lagrangian with 11 operators
where i = 1, · · · , 11, and to be explicitly, are The next-leading order CP-even and odd operators can be constructed from the building blocks as below [38, 39] ,
and [13] 
where f ± µν = ǫ µνρσ f ρσ± is a dual antisymmetry tensor.
IV. MATCHING TO EW CHIRAL LAGRANGIAN
A. CP-even sector
The p 2 order: kinetics and mass terms
The leading order low energy effective Lagrangian up to the two derivatives is
where we have used Eq.(B.32) in the Ω parametrization. The first line are canonically normalized kinetic terms for the field φ and the phase ψ, respectively, in analogy to L H defined in Eq.(C.9). ξ quantifying the Higgs non-linearity due to the strong dynamics breaking scale f . The leading order operator L C is associated with the two gauge bosons as defined in Eq.(C.10) or more explicitly shown in Eq.(C.13) in Appendix. C.
In the absence of the singlet, i.e., ψ = 0 (or s = 0), the leading order high-energy effective Lagrangian in the NMCHM just leads to those in the MCHM as [10, 12] 
where the first two terms describe the low energy projection of the custodial preserving two derivative operators. The first term L H = (∂ µ h) 2 /2 give the correctly normalized kinetic term of h.
The identities above are model dependent relations relating the d.o.f of high energy sector to that of low energy sector. These identities are still valid even after EWSB in which Higgs obtains vev at EW scale v as will be discussed more in Eq.(IV.3).
Vacuum expectation values
After EWSB, one can derive the mass terms of the gauge boson W and Z, from which, one can read the EW vev as
where v φ ≡ φ and v ψ ≡ ψ are vacuum expectation values (vev) of the φ and ψ, respectively. In the (h, s) basis, the EW vev h = v h and the singlet vev s = v s can be expresses, respectively, as
which recovers that given in Eq.(I.3). This supplies as a model dependent structure for the NMCHM, that related to the EW vev v, Higgs vevs v φ , vacuum phase v ψ , and the strong dynamics breaking scale f . One can transfer from the (φ, ψ) basis to the (h 4 , h 5 ) basis,
where v 4 ≡ h 4 and v 5 ≡ h 5 are vevs of h 4 and h 5 , respectively. In addition one could transfer from the (h 4 ,
where v h ≡ h is the vev of h, which is exactly equal to the EW vev. 
where in the last equality, we have used the identification of v h = v in Eq.(IV.6). In the EWSB vacuum identified as v ψ = 0 (or v s = 0), one has which leads to
In this case, the non-linearity exactly recovers that in the MCHM as
p 4 order: Higgs couplings to gauge bosons
In the NMCHM, the operators in high energy effective chiral Lagrangian in Eq.(III.5), are related to the low energy chiral EW Lagrangian in Eq.(C.11)
are defined by L n with h replaced with terms of φ or ψ, respectively, and similarly for L Dφ and L etc. The L 7,8 do not give independent contributions since they can be expressed in linear combinations of other operators. The traces of four V µ can be expressed as products of traces of two V µ . Therefore, in a whole, there are 2 + 6 = 8 independent operators. The explicit expression of the low energy chiral Lagrangian in NMCHM are list in Eq.(C.13) in Appendix. C. In the absent of the CP-odd singlet, ψ = 0 (s = 0, or h 5 = 0), the result just recover Eq.(4.18) in Ref. [38] in the MCHM.
The leading order operator with at most two derivative in terms of (p 2 ) order, is a topological θ phase term for non-Abelian gauge symmetry in analogous to the QCD θ term. Namely, in principle, one has EW θ term as a free parameter in the SM.
For NMCHM, the dimension four operators in highenergy effective Lagrangian in Eq.(III.10), are related to the low energy EW chiral Lagrangian in Eq.(C.14) as
where we list the explicit expressions of CP-odd low energy chiral effective Lagrangian in Eqs.(C.15). In the last equality, we have used that (5) . It is interesting to observe that, at (p 4 ) order, which can be due to contributions from one loops, the low energy chiral Lagrangian of the L B, W Σ would lead to non-vanishing topological θ phase. In the absent of the CP odd singlet, i.e, ψ = 0 or s = 0, the results just recover Eq.(4.6) in Ref. [40] for MCHM.
C. High-energy effective Lagrangian for Omega
p 2 order in Omega representation
In the CCWZ formalism [21, 22] , the leading order CPeven low energy effective Lagrangian with at most two derivatives is
In the radial coordinate (ϕ, ψ), it is straightforward to check that the leading order Lagrangian just gives [20] L
where L C is the custodial preserving two derivative operators as defined in Eqs.(C.10) with explicit expression given in Eq.(C.13). L φ,ψ is defined in analogy to L H in Eq.(C.9), which are canonically normalized kinetic terms for the field φ and the phase ψ. To be more explicitly, the kinetic term is
The results just recovers Eq.(V.12) in the Cartesian (h, s) basis. By combing with Eq.(IV.1), this result is consistent with that in Eq.(A.34) for MCHM in Ref. [38] .
p 4 order in Omega parametrization
The first seven p 4 operator in the Ω parametrization defined in Eq.(III.22) can be expressed in EW chiral Lagrangian as
where the low energy effective Lagrangian L i is defined in Eq.(C.11). The results are consistent with Eq.(A.34) in Ref. [38] , after combining the known matching results in Eq.(IV.10). We have also calculated O 3 and find the exact relation as below
Thus, O 3 is not a linearly independent operator. As a results, it can be dropped as already neglected in Eq.(IV.15). It is also worthing of noticing that the first two operators can also be re-xpressed without expanding the square as
Thus, when ψ = 0, it is also consistent with Eq.(30) in Ref [39] , by substituting back the EW chiral Lagrangian in Eq.(C.11) and keep the implicit form.
D. Higgs function for NMCHM
In this section, we express the Higgs functions in the low energy chiral Lagrangian in terms of the Higgs dependence on high energy Lagrangian.
CP even case
The low energy EW chiral Lagrangian that describing the CP-even gauge-Goldstone and the gauge-scalar interactions can be written as
where the Lagrangian are up to CP-even operators with at most four derivatives. For CP-even operators at O(p 2 ) order, i.e., with at most two derivatives,
where L T,C are the leading order low energy CP-even chiral effective Lagrangian introduced in Eq.(C.11) and L H is the canonically normalized Higgs singlet kinetic term defined in Eq.(C.9). The multiplicative terms F i (h) in terms of the Higgs functions, are the generic polynomial functions of h. For composite Higgs model, F i (h) is the trigonometric functions of h/f . For the NMCHM, the Higgs functions can be read directly from eq.(IV.1) as
For the CP-even operators at (p 4 ) order,
The low energy CP-even chiral effective Lagrangian L B,W,Li, are introduced in Eq.(C.11) and L H,△H,DH are the higher order operator denoted in Eq.(C.9).
From NMCHM, we find the Higgs functions as
where we have made abbreviation for F (h), by dropping the h dependence. In the absence of the singlet s, i.e., ψ = 0, the results recovers the expression for c i F i custodial preserving operators for the MCHM in Table. 1 in Ref. [38] 2. CP odd case
The low energy EW chiral Lagrangian that describing the CP-odd gauge-Goldstone and the gauge-scalar interactions can be written as
where F i (h) encoded a generic dependence on h but without derivative of h. The low energy CP-odd chiral effective Lagrangian L T , B, W , i are introduced in Eq.(C.14) or more explicitly shown in Eq.(C.15) in Appendix. C. From the above relations, we read the Higgs functions as
(IV.25)
When the CP-odd singlet (s or h 5 ) is absent, i.e., ψ = 0, this just recovers the results in Table. 1 in Ref. [40] .
V. HIGGS FUNCTIONS AT THE EW SCALE
A. p 2 order: Kinetic terms of Higgs
The (φ, ψ) basis: Polar coordinates
The CP-even (p 2 ) order high energy effective Lagrangian with at most two derivatives is custodial preserving one as given in Eq.(IV.1) for NMCHM, in the Σ parametrization, becomes
where L C is the custodial preserving two derivative operators as defined in Eqs.(C.10) with explicit expression given in Eq.(C.13).
After EWSB, the Higgs obtains vev φ →φ + φ and ψ →ψ + ψ . The SM gauge bosons W and Z, obtains masses from the last term in L C (Σ) in Eq.(V.1),
where the W gauge boson mass by definition is
To be consistent with the definition of the EW scale v, defined by the W mass m 2
where ξ is the parameter quantifying the d.o.f of the nonlinearity of the Higgs dynamics as defined in Eq.(I.5) or (IV.3).
In the absence of the singlet s (or h 5 ), one has L ψ = 0, and L φ = L H , the above effective Lagrangian just recovers that in MCHM [10] [11] [12] 
Equivalently, from linear representation of the fundamental scalar of SO(6) in Eq.(II.61), one can also write down the kinetic terms of both a scalar φ and a pseudo scalar ψ, which correspond to a sphere with standard metric as [19] 
which is consistent with the leading p 2 order of the nonlinearly realized effective chiral Lagrangian from the NM-CHM, as shown in Eq.(V.1) in the next section.
The (h, s) basis
In the projection of the h, s parametrization, the kinetic terms in Eq.(V.6) becomes
by making a rescaling of (h, s) → (f h, f s), so that (h, s) are dimensionless, the Lagrangian above just recovers that in the NMCHM [17] . After EWSB, one obtains the splitting parameter as 
where s h = sin (h/f ) and c h = cos (h/f ).
In the NMCHM, one can also change from the polar coordinate (φ, ψ) to the Cartesian (h, s) coordinate with the explicit expression as below:
where we have used Eq.(II.26) to obtain the following useful identities
It turns out that, in the (h, s) field basis, the custodial preserving terms in the high energy effective Lagrangian in Eq.(V.1) becomes
where the first terms are kinetic terms are not canonically normalized yet as
where K(h, s) is the matrix of kinetic terms with nondiagonal mixing terms of ∂ µ h∂ µ s,
After EWSB, s = v s = 0 and h = v h , it can cause mixing and the eigenvalue matrix is [45] L (h,s)
The kinetic matrix can be diagonalized with the eigenvalues are
In the EWSB case, s = s = v s = 0,
one has [20] 
Then after rescaling, and the physical singlets can be expressed as
In the following, for the simplify of our physical results, we will use this eigen basis from the Σ parametrization to deduce the physical observables, such as the anomalous couplings of the Higgs Boson to two gauge bosons, etc. In the EW vacuum, one needs to impose the
After redefinition, the kinetic terms are canonically normalized as
where the kinetic mixing terms are vanishing. 
where K(h 4 , h 5 ) is the kinetic matrix with non diagonal mixing term of ∂ µ h 4 ∂ µ h 5 as
In the absence of h 5 , the kinetic term just recovers that of MCHM in leading p 2 order high energy effective Lagrangian of MCHM in Omega representation in Eq.(IV.14).
In the present of SM GBs, one can promote the h 4 to be the SO(4) global invariants as
and relabel the singlet h 5 = η. In this case, the kinetic terms in Eq.(V.22) are promoted to be a more generic one with
It is also interesting to observe that there the metric in front of the Higgs kinetic terms L = g ab ∂ µ h a ∂h b /2, can be expressed with a metric
In the strong coupling limit f → ∞, the second term disappear, while the first term just recovers the kinetic terms of SM Higgs doublet and η
By gauging the theory with replacing ∂ µ → D µ , after EWSB, in the f ≪ 1 limit, one would expect to obtain the Lagrangian of SM effective field theory (SMEFT) as a series of expansion. In the unitary gauge,
This leads to kinetic term of Higgs singlet as well as gauge boson mass term as
where the charged weak gauge bosons are defined as
and after EWSB, the bosons W ± µ and Z µ obtains mass
The EW chiral Lagrangian can be written as
where L (2) denotes the p 2 order terms in Eq.(IV. 19 ) and (IV.24), and L (4) denotes p 4 order terms in Eqs.(IV.21) and (IV.24), which accounts for new interactions and derivations from the leading order operators.
CP-even case
From above equations in Eq.(V.1), or with the aid of Eq.(IV.20), we can read the Higgs functions corresponding to the Lagrangians, respectively, as
Since the custodial breaking operators at the order p 2 is absent, there is no constraint upon c T for NMCHM.
One can read the expansion coefficients of these Higgs functions in the series up to the order v −2 as will be discussed in Eq.(V.35) in the next section as below:
where c T is related to the EW oblique T -parameter as denoted in Eq.(VI.11).
For the Higgs functions associated with CP-even operators at the order (p 4 ), one has
(V.34)
The CP-even anomalous couplings for HEFT from NM-CHM can be obtained from expanding the Higgs functions as in the series up to order v 2 as [33]
where c i are the global operator coefficients,â i ≡ a i c i and b i ≡ b i c i . c i are independent of the Higgs functions F i while a i and b i are related to anomalous couplings beyond the SM, which are related to a three-or four-point function, respectively, e.g, a single or double Higgs scalar, couplings to two gauge bosons. For the NMCHM, we find the explicit expression of all non-vanishing coefficients as (V. 36) where all higher order than O(ξ 2 ) are dropped.
CP-odd case
By doing transformation from Ω to Σ, i.e., by making redefinition f → f /2 (or ξ → 4ξ) and ψ → ψ/2. In the canonically normalized basis of h, s, by changing from d after EWSB, i.e., h → √ 1 − ξh + v h and s → s, expand it ξ up to 2nd order and s up to 2nd order too, we have
(V.37)
The CP-odd anomalous couplings for NMCHM can be obtained from expanding the CP-odd Higgs functions in Eq.(V.38) as
We find the non-vanishing coefficientsâ i from NMCHM to be
C. Geometric meaning of Higgs functions
Coset space curvature
In the (h 4 , h 5 ) basis above, when the SM GBs are restoring, e.g.,
Then the scalar field becomes
In the absence of the SM GBs, i.e., h a = 0, it just recovers .
Then, the metric of the scalar field space is [41] 
. . , 5. The first term are the diagonal terms, while the second term includes also non-diagonal terms. In the strong couplings limit, the metric just becomes flat, i.e., δâb, in the f → ∞ limit. In the (φ, ψ) basis, when the SM GBs are restoring, i.e., ϕ a ∼ h a = 0 with a = 1, 2, 3, the SO(6) invariant scalar can be parameterized as
When the GBs are vanishing, i.e., h a = 0, it just recovers that in Eq.(II.61) in φ − ψ basis. Then, the metric of the scalar field space manifold is
In the (h, s) basis, when the SM GBs are restoring, i.e., ϕ a ≡ h a = 0 with a = 1, 2, 3, the scalar becomes 4, 5) and h 4 ≡ h and h 5 ≡ s. In the absence of the GBs, i.e., h a = 0, it just recovers that in Eq.(II.61) in h − s basis. Then, the metric of the scalar field space is
The metric is the non-linear transformation of the SO(5) invariant metric on the GB coset space SO(6)/SO(5) ≃ S 5 . This metric will be more convenient for our purpose of studying the intrinsic curvature of the scalar space manifold. Once the metric is obtained, the kinetic terms of the scalars in SO(6)/SO(5) can be expressed as
Take the last metric above as an example, the nonvanishing Christoffel symbols are
,b =ĉ,
The Ricci tensor are
,â =b,
.
The extrinsic curvature of the manifold with normal vector nĉ alongĉ direction is The kinetic energy term of the Higgs can be proposed from that in the coset as Eq.(A.53) to the SO(4) manifold, by introducing additional Higgs in fundamental SO(4) H as the quantum fluctuations along the radial field direction, are
where φ α = (π a , h) and g αβ (h) is a general metric on SO(4),
where F (h) is an arbitrary function of radial coordinate filed h canonically normalized so that allows one to set F (0) = 1 and g hh = 1. g ab is the SO(4) invariant metric on the scalar coset manifold SO(4)/SO(3) = S 3 in Eq.(A.54).
In this case, the Riemann tensor R αβγδ are
and the intrinsic Ricci scalar curvature R turns out to be
The exterior curvature with a normal vector along the radial coordinate direction gives
where δ a b are diagonal components of the induced metric. Thus, the extrinsic curvature is flat as before. While the minimization of the extrinsic curvature along radial direction will entail that F = 0. The Einstein equations G ab = 0 and G hh = 0 impose the constraints, respectively, as
where the second one origins from the vanishing of Riemann tensor curvature R a bcd in Eq.(V.55) above. These equations together gives the solution to F (h) for the Higgs kinetic energy term
where integral constant C = 1 is determined by imposing F (0) = 1. This just reproduce the Higgs function in front of the kinetic terms of SM would-be goldstone bosons in Eq.(V.29), where the d.o.f of GBs are transferred to the gauge boson masses after EWSB due to Higgs mechanism. When expanding the non-flat metric of SM GBs in Eq.(V.62) in power series of 1/v, we just obtains the
where . . . denotes the higher order multi-interactions terms. It worthy of noticing that the GBs are derivatively coupled.
Higgs function beyond the SM
For NMCHM, the kinetic terms of the Higgs sector in Eq.(V.62) will be
where the Higgs function F will not be that for the SM as in Eq.(V.60). For NMCHM, the coset space SO(6)/SO(5) ≃ S 5 , the scalar in Eq.(V.44) becomes
By setting set h 5 = 0, the scalar above recovers those in coset space SO(5)/SO(4) ≃ S 4 as [42, 43] ,
where h ≡ √ h α h α with α = 1, 2, 3, 4. The kinetic terms becomes
By comparing with the kinetic terms of Higgs and GBs with those in Eq.(V.62), one obtains the identity that
where h 4 = h + v 4 in the f ≫ 1 limit and h is the quantum fluctuations of Higgs. By using the vevs identities denoted in Eq.(V. 8) as
where v 4 = h 4 . One can re-express the Higgs function and expand it as
which in the strong coupling limit f → ∞, the scalar manifold tends to be flat, the result above just reduces to the SM Higgs function in Eq.(V.60). Thus, the matching of the High energy effective Lagrangian of the model to the low energy effective EW chiral Lagrangian, leads to the Higgs functions, encoding the information of Higgs non-linearity.
VI. CONNECTION TO PHYSICAL OBSERVABLES
In this section, in order to compare our results to the physical observables, we adopt to the following procedure:
Firstly, we need to change the GB matrix in Eq.(IV.1) in the Ω parametrization to those in the Σ parametrization. This can be realized by making the shift f → f /2 (or ξ → 4ξ) and ψ → ψ/2 as Eq.(II.22).
Secondly, for the NMCHM, since the kinetic terms of h, s are not canonically normalized at the stage, we need to make eigenstate basis transformation as in Eq.(V. 19) , in order to obtain the canonically normalized kinetic terms of Higgs h and s.
Thirdly, in order to compare our results to the physical observables below TeV scale, we need to consider the EW vacuum expectation value v after EWSB. Therefore, we make h → v + √ 1 − ξh and s → s, and expand up to 2nd order of ξ.
A. Phenomenology of scalar sector
The scalar is a PNGB singlet with no EW charge, which could be light. At the low energy, the phenomenology of scalar sector of the model is very similar to that of the singlet extended standard model. The singlet scalar s could be a dark matter candidate, if it satisfies a Z 2 symmetry in the Lagrangian below.
Higgs kinetics and self interactions
The kinetic terms of h and s, as well as mass term of the gauge boson, can be obtained from p 2 order Lagrangian in Eq.(V.13) after EWSB, by transforming (h, s) into the canonically normalized eigen-state with the aid of Eq.(V.19), one obtains
where V eff (h, s) is the effective Higgs potential given in Eq.(VI.4), and · · · denotes higher dimensional terms. From above expansion, one can read the
which are consist with those list in Table. 1 in Ref. [20] . Since b V hs = 0, the above action has a Z 2 symmetry for the singlet scalar s.
Higgs potential
Given an effective Higgs portential V eff (h, s) is dynamically generated, e.g., through the Coleman-Weinberg potential approach, the Higgs potential can be parameterized as
After making transformation to eigen-state, one has
(VI.5) By using the model dependent relations as those in Eq.(II.8), the effective Higgs portal in the NMCHM up to quartic order can be parameterized as [20] V eff = −γ cos 2 ψ f
From which, the parameters can also re-express the free parameters of the Higgs potential as
By minimizing the Higgs potential after EWSB, one obtains EW vev,
Thus, by making the transformation to the mass eigen state, one can read the physical Higgs h and the singlet s mass as
and there is no mixing term, i.e., m hs = 0.
B. Low energy EWPT oblique parameters
The Wilson coefficients c i (or c i for CP-odd case) in the low energy effective chiral Lagrangian, are related to the most significant EW oblique parameters from EWPT due to two-point functions, i.e. the S and T parameter [53] , which parameterize new physics contributions to electroweak radiative corrections. For examples, the EW oblique parameters S and T are related to c 1 and c T , respectively, as [54] α em ∆S = −8e 2 c 1 , α em ∆T = 2c T , (VI.11)
where α em = e 2 /(4π). In the NMCHM, we have
C. Triple anomalous gauge-boson couplings
CP-even case
The triple gauge-boson couplings in the pure weak boson sector [27, 50, 52] can be parameterized as
where V ≡ {γ, Z} and are
where e is the electric charge. The chiral Lagrangian contributes to the anomalous cubic couplings as [52] ∆κ γ = −2 e 2 It is obvious that, from the high-energy view point, the anomalous triple gauge couplings of SM comes from L 1,2,3,6 for NMCHM.
CP-odd case
The CP-odd triple gauge boson couplings can be parameterized as [37, 49] 
where [37] ∆ κ γ = − 2e 2
It is obvious that, from the high-energy view point, the CP violating anomalous triple gauge couplings comes only from L 1 for NMCHM.
D. Quartic anomalous gauge-boson couplings
The effective Lagrangian of quartic gauge bosons can be parameterized as [27, 52] 
where non-vanishing at the tree level in the SM are
(VI. 19) The chiral Lagrangian contributes to the anomalous quartic couplings as [27, 52] = 0.
(VI.20)
From the high-energy view point, the anomalous triple gauge couplings of SM comes from L 1,2,3,4,5,6 for NMCHM.
E. HV V anomalous couplings
CP-even case
The anomalous couplings of the Higgs bosons can be parameterized as [26, 27, 52] L HVV eff ,CP = g Hγγ A µν A µν h +g
HZγ A µν Z µν h +g
HW W W + µ W −µ h +g (5) 
where the contribution of the anomalous couplings are separated from that of the SM one as
where V = {γ, Z, W ± }. All the tree-level SM coupling above vanish, except the followings: The anomalous coefficients are related to the coefficients of low energy effective chiral Lagrangian as [26, 27, 51, 52] ∆g 
(VI.24)
It is obvious that, the CP-even anomalous couplings ∆g (1, 2, 3) HV V of SM comes from operators L BΣ,W Σ,1,2,3 , while the additional ∆g (4, 5, 6) HV V all attribute to one operator L 6 in the high energy.
CP-odd case
The anomalous couplings of the CP-odd interactions involving the Higgs to two gauge bosons can be parameterized as [37, 49] L HVV eff , ✟ ✟ CP = g Hγγ hA µν A µν + g HZγ hA µν Z µν + g
HZZ hZ µν Z µν + g
HW W hW + µν W −µν + g (1)
where the anomalous CP-odd HV V couplings at the tree level are [37] g
HW W = 0.
(VI. 26) From the high energy viewpoint, the CP-odd anomalous couplings ∆g (1, 2, 3) HV V of SM comes from operators L BΣ, W Σ, 1, 2, 3 for NMCHM.
HV V V anomalous couplings
The anomalous couplings of the Higgs to the three gauge bosons, i.e., HV V V can be parameterized as [52] L HVVV eff ,CP = g (1)
where the anomalous couplings g HV V V turns out to be [52] ∆g (1) HW W Z = e 2 g 2 c 2 θ ( 8 vc 6 ξ − 4 vc 6 ξ 2 ), ∆g (1) HW W A = −eg 2 ( 8 vc 6 ξ − 4 vc 6 ξ 2 ), ∆g (2) HW W Z = − e 2 g 2c θ ( 16 vc 6 ξ − 32 vc 6 ξ 2 ), ∆g (2) HW W A = eg 2 2 ( 16 vc 6 ξ − 32 vc 6 ξ 2 ).
(VI.28)
All of the HV V V anomalous couplings origins from one singlet operator L 6 from a high-energy view point, instead of depending upon different EWCL operators, such as L 9,10 , respectively.
HHV V anomalous couplings
The anomalous couplings of the two Higgs to two gauge bosons, i.e., HHV V can be parameterized as [52] L HHVV eff ,CP = g (1)
where the only non-vanishing couplings at the tree level in the SM are g (1)SM
(VI.30)
The anomalous couplings of g HHV V turns out to be [52] ∆g (1) HHW W = 10g 2 m 2 hc 6 ξ, ∆g
HHW W = 0, ∆g (4)
(VI. 31) It is intriguing to observe that all of the HHV V anomalous couplings also origins from one singlet operator L 6 from a high-energy view point. Even though they may obtains contributions from different EWCL operators, such as L H, 7, 8, 9, 10 .
VII. CONCLUSIONS
In summary, we have studied the effective field theory in the minimal composite Higgs model based upon the SO(6)/SO(5) symmetry breaking pattern up to p 4 order in the CCWZ formalism. The vacuum misalignment is parametrized by a rotation angle in the coset space in the effective Lagrangian framework. In order to match with the electroweak chiral Lagrangian, we re-parametrize the pseudo-Goldstone boson fields as (h, s), and obtain the connection between the high energy effective Lagrangian and the low energy effective electroweak chiral Lagrangian with the Higgs function dependences. By expanding in the decoupling limit, i.e., f → ∞, one would expect to recover the linearly realized SM Higgs theory.
Regarding to the connection between the high energy effective Lagrangian for the NMCHM and the low energy effective chiral Lagrangian, several main results are in order:
• Both CP-even and CP-odd operators, and both the Omega and Sigma parametrizations are considered.
• Exact relations between definitions of polar, Cartesian and mixing coordinate of fields are provided.
• The complete explicit expression of CCWZ formalism are provided.
• All the exact Higgs functions in the electroweak chiral Lagrangian are presented, which exactly recover the Higgs function in the SO(5)/SO(4) composite Higgs model, in the absent of singlet s.
• Higgs functions are analytic functions of Lorentz invariant scalar, observables in ultra-relativistic limit.
• The Higgs functions in the effective Lagrangian origin from the Riemann curvature on the non-flat pseudo-Nambu-Goldstone boson scalar manifold, and incorporate the Higgs non-linearity/vacuum misalignment effects in the next minimal composite Higgs model.
• Linear and nonlinear representation are related by a field redefinition, which implies diffeomorphism covariance, or general covariance, thus the invariant measure as curvature in curved group manifold.
• After canonical normalization of the kinetic term, we obtain all the Higgs couplings deviated from the standard model ones extracted from the Higgs functions.
• Higgs self couplings, anomalous triple and quartic gauge couplings, anomalous couplings of Higgs to gauge bosons are given, as criteria for detecting the physics beyond the SM.
• The singlet can be light and plays a role a dark matter candidate, in the singlet extended standard model with an additional Z 2 symmetry in scalar sector.
In the Higgs effective theory, we could obtain the Wilson coefficients derived from the corresponding Higgs functions in the v → ∞ limit. At the p 2 order, the corresponding expansion coefficients are related to the EW oblique parameter S, T constrained by the EWPT. While at the p 4 order, they are related to the anomalous couplings of triple or quartic gauge bosons, the anomalous couplings coefficients of Higgs to gauge bosons, etc. Some of these couplings are constrained by the precision measurements of the Higgs self couplings at the LHC. The future colliders will also be able to explore some of these couplings, such as VVH and VVHH couplings. We will leave this study to the future work. Finally the phenomenology of the scalar singlet could be quite interesting, such as the collider searches for such scalar, and its cosmological implications, etc.
In SO (6) , there are 15 generators denoted with 10 generators of the unbroken SO(5) as T a = {T a L/R , T α } with a = 1, 2, 3, α = 1, 2, 3, 4 and 5 generators of coset SO(6)/SO (5) as Tâ = {Tα, T5} withα = 1, 2, 3, 4. Among these generators, {T a L/R } belongs to the SU (2) L × SU (2) R ≃ SO(4) ⊂ SO(5), {T α } belong to the coset SO(5)/SO (4) . T5 belongs to the SO(2) ⊂ SO (6) . These generators satisfy the normalization conditions as
The 5 generators of the coset SO(6)/SO(5) can be written in a compact form as [20, 46] 
whereâ = 1, . . . , 5, i, j = 1, . . . 6. It can also be expressed
where T5 ≡ T S is the generators of SO(2), with S denotes singlet. If the unbroken symmetry is SO(4) × SU (2) with 9 generators or SO(4) × SO(2) with 7 generators instead of SO(5) with 10 generators, then there are 6, 8 instead of 5 NGBs will be present in the end. If one breaks SO(6) down to instead SO(5) but SO(4) × SO(2), the symmetry breaking pattern SO(6)/SO(4) × SO(2) leads to 4 + 4 consists the elements of a composite two Higgs doublet model (2HDM) [47] . In this case, Tα become unbroken generators. The 5 generators of the coset SO(6)/SO(5) in 6 by 6 matrix includes 3 ∈ SU (2) α ⊂ SO(4) as
where 0 2 ≡ diag(0, 0), and e 1,2 are eigen-vectors of Pauli matrix as
The broken generator along the EW symmetry breaking direction is denoted as T4 as a 6 by 6 matrix as
where T5 is the generator of SO(2) and 0 2 ≡ diag(0, 0). It can be check that all generators are normalized as
and they satisfy the commutation relations as below:
It is obvious that in the SO (6) 
where T5 is the generator of SO(2) and 0 2 ≡ diag(0, 0). In the unitary of NMCHM, h 1,2,3 = 0, the Higgs PNGBs can be expressed explicitly as
where c φ = cos(φ/f ), s φ = sin(φ/f ), with φ = h 2 4 + h 2 5 and h 4 = c ψ ,ĥ 5 = s ψ . In the absence of the singlet h 5 = 0, ψ = 0, φ = h 4 = h, or h 4 = 0, φ = h 5 = s, then 1, 1, 1) . They just recovers the GBs matrix for the coset SO(6)/SO(4) or SO(6)/SO(2), respectively.
Generators of SO(5)
There are 10 unbroken generator of SO(5) ⊂ SO(6) are
where a = 1, 2, 3, α = 1, 2, 3, 4 and i, j = 1, . . . , 6. These gives the coset space SO(5)/SO(4) for MCHM [10] [11] [12] 15] .
To be more explicitly, the 6 generators span the representation 6 = (3, 1) + (1, 3) ∈ SU (2) L × SU (2) R ≃ SO(4) ⊂ SO(5) ⊂ SO(6) can be chosen as
where 0 2 ≡ daig(0, 0), 1 2 ≡ daig(1, 1), and it can be checked that they satisfy the commutation relations as
There are 4 residue unbroken generators span the representation (2, 2) ∈ SU (2) L × SU (2) R ≃ SO(4) are
where 0 2 ≡ diag(0, 0).
Generators of SO(4)
The generator of SU (2) L ×SU (2) R ≃ SO(4) in Eq.(A.12) can also expressed as
where the generators J a and K a are those corresponding to the angular momentum and boosts as
To be more explicitly,
where 0 3 ≡ diag(0, 0, 0) and 0 2 ≡ diag(0, 0).
The representation in Eq.(A.13) can be transformed to those one are more familiar with through a similar transformation with a unitary matrix P , t a L,R = P T a L,R P −1 ,
To be more explicitly, we have
where 1 2 ≡ diag(1, 1) and 0 2 ≡ diag(0, 0). Under above unitary transformation P in Eq. (A.19) , the fundamental representation of scalar in SO(5) ⊂ SO(6) becomes
which consists of the Higgs bi-doublet as denoted in Eq.(A.42) as
where H and H c are SM Higgs doublet and its complexconjugate with notation defined in Eqs.(A.32) and (A.41), respectively.
Under above unitary transformation P in Eq.(A.19) , the 4 generator in the coset SO(5)/SO(4) in Eq.(A.23) can be expressed more explicitly as
where 0 2 ≡ diag(0, 0). In the unitary of MCHM, h 1,2,3 = 0, h 4 = h, the Higgs PNGBs can be expressed explicitly as 
where 0 2 ≡ diag(0, 0). One can make the recombination to give As we will show in the following, the unbroken H = SO(3) ≃ SU (2) V symmetry after EW symmetry breaking origins from an enlarged G = SO(4) ≃ SU (2) L × SU (2) R global symmetry.
At first, it is interesting to observing that the unitary product of the Higgs doublet is a SO(4) invariant. SO(4) . Thus the SM Higgs action can also be re-expressed as SO(4) ⊂ SO(5) invariant form as
with h = (h 1 , h 2 , h 3 , h 4 ) T transforms linearly as the fourdimensional vector representation 4 of global symmetry group SO(4), from which, it is obvious that the Higgs potential is also invariant under SO(4) symmetry. The Higgs potential can be re-expressed as
which has a minimum as the three sphere S 3 with radius v
where v ≈ 246GeV. It is convenient to choose the vacuum expectation value of h in vector representation 4 of SO(4) as
Considering the shift field v → v + h and non-shifted fields as h a with a = 1, 2, 3, then
where v is the vacuum expectation value (Vev) of the Higgs singlet 
where H is up to a normalization constant to Φ = H/ √ 2, due to the kinetic term, and in the last equality, we have adopt to the unitary gauge.
After EWSB, SO(4) breaks down to a SO(3) ≃ SU (2) V symmetry, in terms of custodial symmetry, which is invariant for the three goldstone bosons, or as equivalent physical degree of freedom, the three gauge bosons W a µ in 3, the fundamental representation of SO(3) or adjoint representation of SU (2) V . The unbroken global symmetry SO(3) leads to the well-know gauge boson mass relation that m W = m Z cos θ W as the prediction of the SM, which can also be expressed through the ratio
when g ′ = 0, where c θ = cos θ W is the Weinberg mixing angle. The gauge boson mass relation implies that custodial is a good approximate symmetry of the SM, which is exact at least at tree level. Thus, the custodial symmetry ensures ρ = 1 at tree level, and also ensures small corrections to ρ at quantum level as stated before in Eq.(I.1). It also guarantees that m 2 W /m 2 Z = 1 in the absent of U (1) Y , i.e., g ′ → 0.
To be brief, the unbroken SO(3) symmetry of the SM vacuum can be origins from an SO(4) invariant fixed point.
b. From Cartesian to Polar
It is worthy of observing a fact that after h 4 obtains vev, the SM Higgs doublet with Cartesian coordinate field h a in Eq.(A.32) can be reexpressed as below [26, 34, 43] 
where e 2 = (0, 1) T is one of two eigenvector of Pauli matrix σ 3 for spin-down state as denoted in Eq.(A.5) and in the last equality, we have made the identification that ϕ a ≈ hâ withâ = 1, 2, 3, which are exact in the limit v → ∞, i.e., the unitary gauge. Thus, one can map the Higgs doublet in Eq.(A.32) to that in the polar decomposition, or angular coordinate ϕ a as
where h 4 = h + v is the magnitude of Ψ with h denotes the radial coordinate, while U ∈ S 3 is a 4-dimensional unit vector, denoting the SM Goldstone bosons matrix in SU (2) as defined in Eq.(C.2)
whereφ a ≡ ϕ a /|ϕ| are the three dimensionless angular coordinates and we have made the notation s ϕ and c ϕ defined in Eq.(II.52). In the last equality, it is shown that the unitary matrix just reduces to be unity in the unitary gauge, as expected. where h 4 = h + v with h =h 4 as the quantum fluctuation of Higgs field. In this case, there is a relations between the GBs in Cartesian and polar coordinates as
which origins from the constraint of polar coordinate. Therefore,
Thus, the Higgs filed h is SO(4) invariant, while only three of the components of Φ(h a , h 4 ) are independent due to the constraint above.
In the polar coordinate, the SM Lagrangian can be reexpressed as
where the Higgs scalar potential depends only upon the radial coordinate h, while the three GB fields ϕ only appears in the kinetic terms, either gauged or not. In this case, it is obvious that the interactions of h with ϕ a becomes nonlinearly, comparing to that between h a and h 4 in Cartesian coordinate. Nevertheless, by the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula, h and h 4 give the same S-matrix, so that the the change of coordinates does not affect S-matrix elements [43] .
c. Higgs bi-doublet in SO(4)
Since SO(4) is isomorphic to SU (2) L × SU (2) R , one can relate the SO(4) vector to H ≡ (H c , H), a complex SU (2) R × SU (2) L bi-doublet (2, 2) ∈ SU (2) L × SU (2) R , with the complex conjugate of H in Eq.(A.32) as
where h − = (h + ) * . More explicitly, the polar decomposition of H into h and the SU (2) matrix U as 
whereφ a ≡ ϕ a /|ϕ| and c ϕ , s ϕ as defined in Eq.(II.52). Therefore, the fundamental scalar h T can be re-expressed as 
where π has 3-components Thus, the unitary GB matrix U can also be rewritten in non-linear expression as Thus, the SO(4) symmetry acts non-linearly on the angular coordinates in terms of field π a as
where π ≡ σ a π a . In this definition, the kinetic terms of the non-linear sigma model can be rewritten as
where the second term denote the the non-linear kinetic terms of π a fields, since
Together, the kinetic term of π a becomes in curved space
with a non-flat metric in PNGB field space
(A. 54) and the Ricci scalar curvature of the coset space is
where the number 6 takes accounts of the degrees of freedom of the number of unconstrained π a fields. Therefore, the PNGB, or Higgs nonlinearity origins from the scalar S 3 manifold curvature. At the scale v ≫ 1, the physics at scale f gives non-linear interactions due to the non-flat metric
The kinetic term of the non-linear sigma model can be expressed in a series of expansion as
where . . . denotes higher order derivatives coupled interaction terms no less than 1/v 6 order. The Lagrangian has only three scalar d.o.f.
due to the global spontaneous symmetry breaking pattern G → H can be described by the Ω field defined as
where in the last equality, we have absorbed the decay constant f into Π so that it is a dimensionless field. The Ω is under the action of an element of global symmetry g ∈ G and an element of local symmetry h ∈ H as [21, 22] ,
which transforms in a linear representation for H. While it is a non-linear one for the other elements under the global symmetry G as
which defines the non-linear transformation of the NGBs fields as Ξ denoted as
where Tâ are the broken generators in the coset G/H, witĥ a = 1, · · · , dim(G/H). To be brief, the Nambu-Goldstone boson fields are associated with the coset or quotient space. The quotient space G/H is said to be symmetric if there exists an automorphism of the grading, R, under which the broken generators change sign.
b. Symmetric coset and automorphism
For symmetric coset, there exists an automorphism or "grading" symmetry R that acts upon the generators of G, which changes the sign of the broken generators as
where T a with a = 1, 2, · · · , dim(H) are the generators of H and Tâ withâ = 1, 2, · · · , dim(G/H) are the generators of the coset G/H. The (T a , Tâ) form an orthonormal basis of G, and they satisfy
where the fist condition follows from that H is closed, the second condition is due to the fact that the structures constants are completely antisymmetric for compact groups, while the last condition is one for a symmetric coset. Under the discrete automorphism symmetry R, the GB fields transforms as
In the symmetric coset, the non-linear field transformation of Ω can be read as below by acting on Eq. which transforming linearly under the global symmetry g ∈ G as
where g R is a global element of G, obtained by acting on g with R, which is independent of the GBs field Π. Hence Σ transforms linearly under G. This shows explicitly that the transformation on Π is a realization of G and that it is linear when restricted to H. Under the grading symmetry, the GB fields transforms as
The transformation also implies that the covariant derivative of the non-linear Σ is defined as
Under the gauge transformation, it is straightforward to have
with g A denoting the associated gauge couple constant. To obtain gauge interactions by formally gauging the symmetry G, one has introduced gauge fields 14) and its automorphism field A R µ ≡ R A µ . Q a L and Q Y denote the embedding in G of the SU (2) L ×U (1) Y generators.
In the symmetric coset case, it is equivalent to use either Ω or Σ in describing the GBs degrees of freedoms and its interactions.
For external gauge field g A A µ = A µ , where the gauge coupling g A are absorbed into the gauge fields. Consequently, the covariant derivative of Σ in Eq.(B.12) transform under local G transformation are defined as
where A µ = A a µ T a + Aâ µ Tâ is the external gauge field and A (R) µ is obtained by acting on A µ with the "grading" R as
where Tâ and T a are the broken and unbroken generators, respectively and normalized as Tr(T A T B ) = δ AB . In gauging the standard model group, i.e, Aâ µ = 0. The external gauge field A µ transform under the local H symmetry as
Therefore, the covariant term of Σ above can be expressed as
Omega decomposition
In the CCWZ's general approach, one can redefine the GB fields as d µ and e µ through the Maurer-Cartan one form, which is decomposed along the broken and unbroken directions, respectively,
where Ω is defined in Eq.(B.3) is defined in Eq.(II.2) and the kinetic term can be generalized to be covariant derivative term. Tâ ∈ G/H while T a ∈ H are respectively the broken and unbroken generators normalized as Tr(T A T B ) = δ AB .
Since Ω(Π, g) is transformed under global symmetry G as Eq.(B.3) ,
where hω µ h † ∈ G, while the shift term ih∂ µ h † ∈ H. From above transformation, together with Eq.(B.19), one deduces that under any element g ∈ G, d µ and e µ transform as
Thus, d µ transforms linearly under local symmetry H as the GBs, while e µ transforms non-linearly as a gauge field with gauge symmetry H.
It is obvious that the covariant field e µ transforms like a gauge field under H, i.e., transforms as a connection, and it will be more obvious by defining a field strength Except the covariant derivative ∇ ν for local symmetry H, one might be interested in gauging an external local symmetry H ′ ⊂ G, e.g., a subgroup SU (2) L × U (1) Y , which plays the role of the SM electroweak group. In this case, one can replace the kinetic derivative with the a covariant derivative of the external gauge field A µ as
where the gauge coupling g A are absorbed into the gauge fields.
a. Explicit expression of covariant derivative
The most general high-energy effective Lagrangian for describing the electroweak interactions of the gauge group G and of the GBs of a non-linear realization of the symmetric G/H basis, up to four-derivative bosonic interactions, can be obtained by gauging only the EW symmetry of SM gauge group, while keep the group G = SO(6) global.
The gauge covariant derivative as defined in Eq.(B.18) becomes
where the external gauge field as g A A µ = gW µ +g ′ B µ by using the embedding representations in the SM as Eq.(III.2), we find the explicit expression of the gauge invariant fields strength as
where A µ ≡ gW 3 µ + g ′ B µ , Z µ ≡ gW 3 µ − g ′ B µ and 0 2 = daig. Then, we can obtain the field stress tensor of SM g A F µν ≡ (gW µν , g ′ B µν ) in a similar expression.
The explicit expression of the building block in SO(6)/SO(5) with SM gauge group is 
where φ µ = ∂ µ φ and ψ µ = ∂ µ ψ. The scalar chiral field T in Eq.(B.36), becomes
3. Building blocks in CCWZ
a. Building blocks for Sigma
The global vector chiral field (If the interactions are not gauged) is defined as
and it transforms in the adjoint representation of G as
The effective Lagrangian describing the GB interactions in the context of the non-linearly realized G breaking mechanism, with symmetric coset G/H can be constructed from V µ . Then the gauged version of the chiral vector field of the non-linear sigma model can be defined as through the formally gauging of the the full group as
The Cartan form for G of above
after projecting onto the subspace of broken generators, gives a vielbein corresponding to the metric on G/H. As will be seen, the leading order terms with at most two derivatives are built out of two vielbein. The Wess-Zumino-Witten term is a 5-form, which can be build out of five vielbein [17] . The building blocks for the effective chiral gauge theory includes G invariants vector chiral field V µ and the gauge field strength A µν = (W µν , B µν ) which transform in the adjoint of G.
The building block are
with the automorphism symmetry in the symmetric coset, one can introduce the graded vector chiral fields 
where we have used the factor that [D µ , D ν ] = iF µν , and made the notations as below 
To be brief, the CCWZ covariant building block
can be re-expressed in terms of Σ, which is manifestly invariant under global G
where in a symmetric coset G/H. Thus e µν and it is related to the unbroken sector field strength f + µν and the commutator of d µ field.
Therefore, in the end we have a set of covariant building blocks as where ηâ = (1, 1, 1, −1) T .
External Gauge Symmetry: SM or beyond
Once an external gauge symmetry H 0 ⊂ G is turned on, e.g., the SM electroweak group H 0 = G SM = SU (2) W × U (1) Y , the ordinary derivative ∂ µ is promoted to be the covariant derivative D µ ≡ ∂ µ + iA µ , where the external gauge fields A µ = Aâ µ Tâ + A a µ T a ∈ G, i.e. still a general element of G, transform under the local H 0 transformation, namely
is the field strength of external gauge field A µ . Some of the above external gauge field source will become dynamical while the others will be turned off, i.e., by setting the others to zero. Explicitly, the dynamical part of A µ will be those transforming under the local H 0 = G EW = SU (2) W × U (1) Y ⊂ H,
The charged weak boson fields are defined as 
with c W = cos θ W ≡ g/ g 2 + g ′2 , s W = sin θ W ≡ g ′ / g 2 + g ′2 denote the cosine and the since of the weak mixing angle, tan θ W = g ′ /g and g, g ′ are the gauge couplings of SU (2) L and U (1) Y in the SM. The commutator of the gauge field strength is
Similarly, if one want to turn on the residual H-invariant gauge source, e.g., SU (2) R ⊂ H, then one can include an additional term at a high energy scale f 2 = v.
where T ± R = T 1 R ± iT 2 R and generally, g R = g L = g. One may also denote respectively W ± R , Z R as W ′± , Z ′ . While in the effective Lagrangian description, one may integrate out these heavy particles field.
For mater field Φ which transforms as Φ → h(Π, g)Φ, then the covariant derivative is
Therefore, ordinary derivative ∂ µ can be promoted to be covariant derivative
which is gauge invariant under H. One may also introduce the vector resonances ρ ± . The strength of the external gauge fields transforms under the local symmetry H, 
One may also introduce the next order effective Lagrangian, by coupling the external gauge symmetry with the building blocks as
which is relevant to the S parameter.
Non-linear chiral Lagrangian
It is worthy of noticing that the GBs field Π in Eq.(B.1) enters in the effective Lagrangian only through its derivatives. The derivative of Ω field can be expanded through the 1-form ω µ as
In this case, the leading order expanding the filed d µ and e µ are
When gauge interactions are turned on, i.e., ∂ µ → D µ = ∂ µ +iA a µ T a , the Higgs will be interacting with gauge bosons too. Then, the covariant derivative of the Π field is D µ Πâ = (∂ µ + iA a µ T a )Πâ = ∂ µ Πâ + iA a µ (T a )âbΠb, (B.69) where for simplicity, one may restrict to the case in which A µ belongs to H 0 ⊂ H is given by Eq.(B.57) .
Thus, for gauged version, one can redefine e µ in a way as
(B.71) and the gauge field strength is
Under the automorphism symmetry R in Eq.(B.5), we have
(B.73) By using the building blocks dâ µ , the lowest order Lagrangian can be written as
and in the last equality we make the notation as Π ≡ π/f and π = hΞ/2. In this case, phenomenologically, π has extra derivative self-interactions, and interactions with higgs h. In the presence of the external gauge field A µ , the gauge interactions are introduced with ∂ µ → D µ , the second term involves interactions of 2-derivative invariant operators with four Higgs doublet.
The next leading order Lagrangian with derivative up to the 4-derivative for the gauge field e µν can be written as L (4) ee = Tr[e µν e µν ] = e a µν e aµν = (∂ µ e ν − ∂ ν e µ + i[e µ , e ν ]) 2
The interactions are suppressed by f −4 , while when the gauge interactions are turned on, the external gauge field A µ is present, the first term involves interactions of 4derivative invariant operators with four Higgs doublet, which are enhanced with g 4 . Another next leading order Lagrangian with mixing between e µ and d µ fields are = − i f 4 f abc f dec ∂ µ π a ∂ ν π a ∂ µ π d ∂ ν π e + · · · . (B.76) Thus, these lowest order Lagrangian relating to the gauge field will appear at least at order higher than p 4 /f 4 . When the gauge interactions are turned on, one just make the replacement for e µν → e µν −F µν while keep d µ the same, then the interactions involving two Nambu-Goldstone boson and two gauge fields will be appear.
as
where v is the scale associated to the SM GBs, and σ a are the usual Pauli matrices. The dimensionless unitary SM GB matrix transforms as a bi-doublet under the global SU (2) L × SU (2) R symmetry as
After EWSB, the global SU (2) L × SU (2) R symmetry is spontaneously broken down to the diagonal SU (2) C in terms of custodial symmetry, and explicitly broken by gauging the U (1) Y hypercharge and by the fermion mass splittings.
The covariant derivative are 3
where W µ ≡ W a µ σ a /2 with W a µ and B µ denote the SU (2) L and U (1) Y gauge bosons, respectively, and g, g ′ are the corresponding gauge coupling. Both T and V µ transform in the adjoint symmetry representation of SU (2) L as
while the chiral scalar field T breaks explicitly the SU (2) R symmetry nor is invariant under SU (2) C . Thus, it can be considered as a custodial symmetry breaking term. Thus, the covariant derivative D µ denotes that in the adjoint representation of SU(2) L , i.e., when acting upon V µ , is given by
and satisfies a useful identity (D µ U) † = −U −1 (D µ U)U † .
In this case, one obtains frequently useful equalities as [29] V
where O is a generic operator covariant under SU (2) L and invariant under U (1) Y . It's worthy of noticing that it is concise to use the building block V µ , comparing to use the explicit expression of U as
where in the last equality, we have used the Hermitian condition for Lagrangian up to kinetic terms.
Low energy EW chiral Lagrangian
a. Higgs singlet
The physical Higgs h is an iso-singlet of the SM gauge symmetry with vacuum expectation value (vev) at EW scale v ≈ 246GeV. In the low energy effective Lagrangian, there are four pure Higgs operators. One is that with two derivatives, and the other three are those with four derivatives as [27] 
CP-even case
Operators with two derivatives are [28] L C = − (v+h) 2
4
Tr(V µ V µ ), L T = (v+h) 2
Tr (TV µ ) Tr (TV µ ) ,
(C.10)
where C and T indicates the custodial preserving and custodial breaking, respectively. Operators withfour derivatives one has 4 [27, 29-31, 33, 35, 38] where the first 13 Lagrangian L B,W,1,...,13 corresponds to the custodial preserving ones, while the residue corresponds to the custodial breaking ones, which describes tree-level effects of custodial breaking sources beyond the SM ones.
Since the gauging of the SM symmetry breaks explicitly the custodial symmetries. Consequently, these custodial symmetry breaking operators are generated due to the quantum corrections induced by the SM interactions. The covariant derivative of V µ are defined as [29] 
In the absence of a light CP-even Higgs-like scalar singlet h in the low energy spectrum, the 12 operators containing 4 These 26 p 4 operators in the EW chiral Lagrangian is redundant if the fermion sector is included [34] . Thus, we only need to focus on the NMCHM setup with only composite vector boson states included.
derivatives of Higgs are absent. Thus, there are a complete 18 (independent) CP-even operators those preserving SU (2) L × U (1) Y symmetry.
Among the operators, two SU (2) C custodial symmetry preserving and three custodial violating operators L 6,11;23,24,26 exhibit quartic vector-boson interactions, which leads to new anomalous quartic couplings [55] such as Z µ Z ν Z µ Z ν , W + µ W − ν Z µ Z ν and W + µ W − ν W +µ W −ν . The CP-even low energy effective Lagrangian in Eq.(C.11) can be expressed more explicitly in the unitary gauge as 13) where W aµν = ǫ µνρσ W a ρσ /2. Note that in the strong coupling limit, i.e., f → ∞ or ξ → 0, L 4 just recovers that in the low energy effective Lagrangian, while L (s) 4 just decoupled. It is worthy of noticing that for NMCHM with symmetry breaking pattern as SO(6)/SO(5), the custodial violating operator L T = −2L C + · · · , is not independent of L C .
c. CP-odd case
Operators with two derivatives
where C and T indicates the custodial preserving and custodial breaking, respectively.
Operators with four derivatives one has [35, 37, 40 ] where the first five Lagrangian L B, W , 1, 2, 3 corresponds to the custodial preserving ones, while the residue operators to (tree-level) custodial breaking ones. In the custodial breaking class, the presence of the scalar chiral field T, which implies that the custodial symmetry is violating.
The dual tensor are defined by B µν ≡ ǫ µνρσ B ρσ , and W µν ≡ ǫ µνρσ W ρσ . The covariant derivative of V is defined in Eq.(C.6). In the absence of a light Higgs-like, i.e., CP-odd scalar singlet h in the low energy spectrum, the 10 operators containing derivatives of Higgs are absent. Thus, there are a complete 9 (independent) CP-even operators those preserving SU (2) L × U (1) Y symmetry. The CP-odd low energy effective Lagrangian in Eq.(C.14) can be expressed more explicitly in the unitary gauge as
(C. 15) 
